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There are four propositions in Euclid's Optics [Burton 1945, 
371-3721 that treat relative motion. Undoubtedly this discussion 
of relative motion is the first attempt to deal with such phenom- 
ena mathematically. Probably written before the Elements, the 
Optics represents a less sophisticated and rigorous mathematical 
work than the magnum opus of Euclid [Theisen 1979, 471. Never- 
theless, his geometrical treatment of visual phenomena has proven 
to be significant, as it welded optics to geometry with a perma- 
nent bond. Although many of the propositions have patent lacunae 
in their arguments, Euclid displays his genius in many instances 
simply by his application of geometry to the problems of visual 
perspective. 
The four propositions that concern relative motion are 51, 
52, 53, and 55. 
Prop. 51. If, when several objects move at unequal speed, 
and the eye also moves in the same direction, some objects, mov- 
ing with the same speed as the eye, will seem to stand still; 
others, moving more slowly, will seem to move in the opposite 
direction, and others, moving more quickly, will seem to move 
ahead (Fig. 1). 
For, let B, G, and D move at unequal speed, and let .S move most 
slowly, and G at the same speed as the eye, K, and D more quickly 
than G. And from the eye, K, let the rays fall, KB, KG, and KD. 
So, G, moving with the eye, will seem to stand still, and B, left 
behind, will seem to move in the opposite direction, and D, which 
moves more quickly than these, will seem to move forward; for it 
will be more distant from these. 
Prop. 52. If, when certain objects are moved, one is obvi- 
ously not moved, the object that is not moved will seem to move 
backward. 
In the following two propositions Euclid suggests that as 
far as visual impressions are concerned, the observer is unable 
to distinguish whether an object seen is becoming larger, or 
whether the distance between the observer and the object is di- 
minishing: 
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Prop. 53. When the eye moves nearer the object seen, the 
object will seem to grow larger (Fig. 2). 
For, the eye being at 2, let BG be seen by the rays ZB and 
ZG, and let the eye move nearer to BG, and let it be at D, and 
let the same thing be seen by the rays DB and DG. So the angle 
D is greater than the angle Z; and things seen under a wider 
angle appear larger. Therefore, BG will see,m to be larger when 
the eye is at D, than when it is at Z. 
Prop. 55. Objects increased in size will seem to approach 
the eye. 
One question that comes to mind immediately is: what exper- 
iences led Euclid to consider the visual effects of relative mo- 
tion? Biding on camels? Walking or running? Probably not any 
of these, since the observer would have been moving quite slowly 
and unevenly and would therefore be very conscious of his own 
motion. It is quite possible, however, that Euclid, living in 
Alexandria in the third century B.C., might have been influenced 
by the experience of sailing. Sailing vessels could have carried 
an observer quite rapidly and smoothly, allowing him to be more 
aware of the relative changes of position than of his own motion. 
Indeed, the early commentators on the Optics considered mov- 
ing ships as examples of the effects described by Euclid. In the 
scholia accompanying Theon of Alexandria's edited version of 
Euclid's Optics, an early commentator makes a simple observation 
about Propositions 53 and 54: "this happens with ships" [l]. 
In a Latin translation of the Arabic version of the Optics, 
a commentator adds a similar note to the proposition: "Things at 
a distance seem to move closer when the eye is moved along a 
straight line." "This," the commentator states, "is obvious to 
one who is sailing" [2]. 
These notes by late commentators do not allow us to draw 
any certain conclusions about Euclid's interest in or familiarity 
with navigation. But, since our biographical knowledge of Euclid 
is so meager, every clue about the life of the great geometer is 
precious. Propositions 6, 9, 10, 11, 12, 13 and many others in 
the Optics reveal his keen powers of observation. The Optics, 
along with Euclid's works on catoptrics, music, astronomy, and 
mechanics, suggests that Euclid came to his appreciation of ab- 
stract geometry through experience and practical applications of 
mathematics 131. While one would not claim that Euclid was the 
first to practice applied mathematics, he surely merits a place 
among the most renowned exemplars of that discipline. 
A little-known example of Euclid's skill in applied mathe- 
matics is Proposition 42 in the Optics. Here, using only plane 
geometry, Euclid determined the point on a given line where an 
object will subtend the largest angle. This is the first example 
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of using mathematics to maximize a physical quantity--and it oc- 
curred centuries before the development of the calculus. Propo- 
sition 42 reads: 
Prop. 42. If the thing seen remains in its original posi- 
tion and the eye moves in a straight line that is oblique to the 
object seen, the object appears sometimes of the same size, some- 
times of different size (Fig. 3). 
Let AB be the object seen and let the eye move upon an 
oblique line GD. I say that AB appears largest at E. For, let 
GE be taken as a mean proportional of the lines BG and GA. Let 
the lines AE, EB, AD, and BD be drawn, and about the triangle 
AEB let the arc AEB be described, and let the angle formed by 
GA and AZ be equal to the angle formed by GD and DB. Now B, A, 
2, and D are points on a circle. So, since the angle of vision 
AEB is greater than the visual angle AZB, and the visual angle 
AZB is equal to the visual angle ADB, since it is on the same 
arc, the object is seen to be larger at E than at either D or Z. 
And it is also clear that as the eye moves along the line ZD the 
object appears largest at E and larger in a position nearer to 
E on either of the straight lines ED and EG than at Z or D. 
[Burton 1945, 368-3691 
There is no difficulty in understanding how Euclid could 
maximize the visual angle on line GD without the use of calculus, 
for it is easily seen that all circular sections that have AB as 
a base and fall between sections AEB and AZDB would be larger 
than section AEB. Consequently, by Elements 111.31, the enclosed 
angles in these sections that subtend AB would all be less than 
angle AEB. 
NOTES 
1. Theon's Recension of Euclid's Optics is found in the 
same volume of Heiberg's work as the Optics, pp. 144-250, and the 
scholia are on pp. 251-284. In Theon's version Propositions 50 
and 51 correspond to Propositions 51 and 52 of Euclid. The Greek 
scholia read (p. 283): O?ov 7~hoiwv and '06 &Ti TOiXwv. An inter- 
esting philological problem occurs in the enuciation for Propo- 
sition 51 (see Heiberg, VII, p. 110, line 51, which begins: 
E&J T~VWV @po$vwv ~XE~~VWV.... The Latin translation of this 
phxase reads (Heiberg, p. 111, line 3): Si aliquibus latis plur- 
ibus.... It is seen that in Greek the word lThEt6VO.N does not fit 
in the context of the sentence and in the Latin text the same is 
true for pluribus. A literal translation of this phrase might 
read: "If when several many objects are being carried along...." 
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Now, if we could read ITX&~V-~WV for lTkl6VwV the translation 
would be: "If when several ships are carried along...." It seems 
a reasonable conjecture that in the course of transmission over 
the centuries IT~&&~AIV was first a marginal gloss, then inserted 
by a scribe into the body of the text, and finally replaced by 
TrX&t6vwv. Professor Raymond Larson of the Classics Department 
of St. John's University has agreed with this analysis of the 
Greek text. However, I have examined several Greek texts of the 
Optics and to date have not found lT~E6VWV. 
2. This particular version of Liber de radiis visualibus, 
one of the Arabo-Latin translations of the Optics, is found in 
Gloucester Cathedral Library, MS 25, fol. lr. The Latin reads 
"Sicut patet naviganti." I am indebted to Dr. David C. Lindberg, 
University of Wisconsin, for sending me a copy of this text. 
3. Thomas L. Heath discusses Euclid's various works and 
their textual history in The Thirteen Books of Euclid's Elements, 
3 vols. (New York: Dover, 1956), I, 17-18. For further discus- 
sion on the Catoptrics of Euclid see Albert Lejeune, Recherches 
sur la catoptrique grecque (Brussels: Palais de Acad&nies, 1957), 
Chaps. 2 and 3; and David C. Lindberg, A Catalogue of Medieval 
and Renaissance Optical Manuscripts (Toronto: 1975), p. 50. Al- 
though no text of Euclid's Catoptrics has been discovered, it is 
now generally believed that he did indeed write such a work, of 
which only a later recension has survived. 
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